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AHHOTauums. B pabote paccmartpeHbl knaccuyeckas n MoanduumMpoBaHHas (C AOMOMHUTENbHbIM
rapMOHUYECKNUM B3aMOAENCTBMEM MEXAY COCEAHMMUN BHYTPEHHUMU MaccaMimn) ogHOMepHas 6ec-
KOHe4yHas uenoyka macca—B—macce. [lonyyeHbl ypaBHEHUS AN aKyCTUHECKOW M ONTUYECKO BETBEWN
ONCnepcun, LUMPYHbI 3anpeLLeHHOM 30HbI M 3P @PEKTUBHOM Macchl. ICNonb3ys NonyYeHHbIe ypaBHEHNS,
npomoaenimpoBaHbl Kflaccnyeckaa n MO,EI,I/Id)I/ILI,I/IpOBaHHaﬂ Lenovyka Mmacca—B—mMacce npun pasimyHbIX
COOTHOLLIEHUNSAX MACC U XEeCTKOCTEN NPYXWUH. Bbin npoBefeH Ka4eCTBEHHbIN aHaNnU3 NHTEPECHOIro
4aCTHOro cNny4as mm, = wy, HA OCHOBE KOTOPOI0 C UCMOJIb30BaHMEM AJIMHHOBOIHOBOIO NMPUOAVXEHNS
nonyy4eHo popmanbHoe 0600LLEHNE YPABHEHNIN PENATUBUCTCKOM KBAHTOBOW MEXaHUKN.

KnioueBble cnoBa: kiaccuyeckas v MoaMduumMpoBaHHas Lenoyka Macca—B—macce, akycTmieckas
N ONTUYEeCKUe BETBM AUCTEPCUM, 3anpeLleHHas 30Ha, ahdekTnBHaa Macca, akyCTUYecKuin meTta-
marepuan
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Modified mass—in—mass chain
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Abstract. Mathematical models of acoustic metamaterials based on classical and modified (with
additional harmonic interaction between neighboring internal masses) one—dimensional infinite mass—
in—mass chain are considered. Equations are obtained for the acoustic and optical branches of the
dispersion relation, for the band gap width, and for the effective mass. Using the derived equations,
the classical and modified mass—-in—mass chains are modeled at different ratios of masses and spring
stiffness. A qualitative analysis of an interesting special case o, = oy was performed, on the basis of
which a formal generalization of the equations of relativistic quantum mechanics was obtained using
the long—wave approximation.

Keywords: classical and modified mass—in—-mass chains, acoustic and optical branches of dispersion,
band gap, effective mass, acoustic metamaterials
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BBepgeHune

B 1967 r. B.I. Becesiaro ony0JsKoBaJ HOBATOp-
ckyto paboty [1], MHUITMKMPOBABUIYIO CTPEMUTEJIBHOE
pasBUTHE MCCIEIOBAHMI B 00J1aCTM VICKYCCTBEHHBIX
KOMITOBUTHBIX MAaTEepPUAaJIOB ¢ HEOOBIYHBIMY OIITIYE-
CKMMI U aKyCTUUEeCKMMM CBOMCTBaAMM — MeTaMaTe-
puagos. VI3yueHne akyCcTUYECKNX MeTaMaTepuaJoB
IIpeACTaBJAET MHTepPeC KakK C TOYKY 3peHud PyH-
JaMeHTaJbHO 3HAYMMOCTH, TaK U IIePCIEeKTUBLI
IIpaKTUYeCKUX NPUIoKeHnit. OQHUM 13 IePCIeKTUB-
HBIX MCIIOJIBb30BAaHUI TaKMX MaTepuaJoB ABJSIETCSA
BO3MOXKHOCTb CO3JaHNA CYIIEPIIOTJIOTUTEJNA 3BYKA.

(a)
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Kpowme Toro, akyctuieckmne MetaMaTepuasbl MOTYT
OBITH ITOJIE3HBI B AaKYCTOIJIEKTPOHMIKE U CO3TaHmA 060-
Jee 3(PPEKTUBHBIX 3BYKOBBIX CUCTEM JAJIsA OBITOBOM
BJIEKTPOHUKIN.

Ha puc. 1, a npezncraBsieHa Kiaccuieckas 0JJHO-
MepHas OeCKOHeUHAas I[elI0YKa M3 Macc M, COeau-
HEHHBIX NPY:KUHKAMI C KeCTKOCTbIO | ¢ Imepuoiom
a [2, 3] (menouka 13 OAMHAKOBBIX Macc). Koopanuaty
MIOJIO}KEHIS PAaBHOBECUS N—T0 Tpy3a 0003HAUNM 2, =
an, a ero CMeIleHye 13 MoJIOKeHI PABHOBECUA — Uy,
= 2z — 2,. Cuily B3amMMOJECTBUA MEKIY COCeTHUMMU
rpysamu 6yeM CUMTaThb IPOIOPIIMOHAJILHO Pa3HOCTI
VX CMEITeHMI ¢ KO3 (PUIIVIEHTOM IIPOIOPIIMIOHAJIBHO-

Puc. 1. OgHomepHas 6eckoHeuvHas Lienoyka n3 Macc m, CoOeUHEHHbIX NMPYXMHKaMU C XECTKOCTbIO / (a); TO xe ¢ f,o6aBneHnem npy-
XNHOK C XECTKOCTbIO K, COEANHSIIOLLMX KX Y0 MacCy m C ee HENOABMXHbBIM NOJIOXKEHMEM PaBHOBECKS, 0003HAYEHHbIM KpY-
KOYKOM C KPECTMKOM (MOXET paccMaTpuBaTbCs Kak Liernoyka macca—B—macce (CM. puc. 4, a) B cnydae M >> m) (6)

Fig. 1. One—dimensional infinite chain of masses m connected by springs with stiffness / (a); the same with the addition of springs

with stiffness K, connecting each mass m with its fixed equilibrium position, designated by a circle with a cross (can be
considered as a mass—in—mass chain (see Fig. 4, a) in the case M >> m) (b)




